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Abstract 

Let Cll(l,3) and C12(l,3) be the subsets of elements of the Clifford alge- 
bra Cl(l,3) of ranks 1 and 2 respectively. Recently it was proved that the 
subset C12(p,q)+iCll(p,q) of the complex Clifford algebra can be considered 
as a Lie algebra. In this paper we prove that for p=l, q=3 the Lie algebra 
C12(p,q)+iCll(p,q) is isomorphic to the well known matrix Lie algebra sp(4,R) 
of the symplectic Lie group Sp(4,R). Also we define the so called symplectic 
group of Clifford algebra and prove that this Lie group is isomprphic to the 
symplectic matrix group Sp(4,R). 

Introduction 

In p] was considered the complex Clifford algebras Ct(p, q) and was found subsets 
of Clifford algebra closed with respect to the commutator [U, V] = UV — VU. 
For all positive integer p, q (p + q > 2) the subset Ci^(p, q) © iCif(p, q) of Clifford 
algebra Ci(p, q) can be considered as a Lie algebra. In this paper we prove that for 
p = \,q = 3 the Lie algebra C£^(p,q) © idf(p, q) is isomorphic to the well known 
matrix Lie algebra sp(4, R) of the symplectic Lie group Sp(4, R). Also we define 
the so called symplectic group of Clifford algebra and prove that this Lie group is 
isomprphic to the symplectic matrix group Sp(4, R). 
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1 Clifford algebras C£(p, q) 

Let F be the field of real numbers H. or the field of complex numbers C and let n be 
a natural number. Consider 2 n dimensional vector space £ over the field F with a 
basis 

e, e a , e™,...^ 1 "", a, < a 2 < ■ ■ ■ , (1) 

with elements numbered dy ordered multi-indices of length from to n. Indices 
a,a±, . . . take values from 1 to n. 

Let p, q be nonnegative integer numbers and p + q = n. Consider a diagonal 
matrix of dimension n 

V = V(P, l) = diag(l, . . . , 1, -1, . . . , -1), (2) 

with p pieces of 1 and q pieces of —1 on the diagonal. By rf h = r] ab denote elements 
of J]. 

Following rules define product U, V — > UV of elements of the vector space £: 

1. For any U, V, W E 8 

U(V + W) = UV + UW, (U + V)W = UW + VW, 
(UV)W = U(VW); 

2. eU = Ue = U, for any U e S; 

3. e a e b + e b e a = Irfe, for a, b = 1, . . . , n; 

4. e ai ... e ak = e ai "- afe , for 1 < a x < ■ ■ ■ < a k < n. 

The operation of multiplication converts vector space £ to an algebra. This 
algebra is called the Clifford algebra and denoted by d v (p,q) (if F = C, then 
a(p,q) = a c (p,q)). For p = n,q = we use notation Cf {n) = Cf(n,0). Ele- 
ments e a are called generators of Clifford algebra Ci ¥ (p,q). Ct R (p,q) is real Clifford 
algebra and Ci(p, q) is complex Clifford algebra. 
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Any element U E Ci ¥ (p,q) can be written in the form 

U = ue + u a e a + u a ia2 e aia * + ... + Ul ... n e l - n (3) 

ai<ci2 

with coefficients u, u a , u aiCl2 , . . . , «!...„ G F, which numbered by ordered multi-indices 
of length from to n. 

Denote by Ci ¥ (p, q), k — 0, . . .n, subspaces of the vector space Cf(p, g)that span 
over basis elements e ai - ak . Elements of C£ ¥ k (p,q) are called elements of rank k. 

k 

Sometimes it is suitable to denote JJE d ¥ k {p, q). We have 

a ¥ ( P , q ) = a ¥ ( P , q ) e . . . e a ¥ n ( P , q ) = cf even ( P , q ) ® a ¥ odd ( P , q ), 

where 

a ¥ vcn (p,q) = a ¥ (p,q)®a ¥ 2 (p, q )®..., 

Cf ¥ dd (p,q) = Cf ¥ (p,q)®a ¥ 3 (p,q)®..., 

and 

dimOftp, q) = C k n , dim^Lnb, l) = dim^ dd (p, g) = T~\ 

C% are binomial coefficients. Let us take the antisymmetric coefficients w ai ... afc = 
M [ai...a fc ]- Consider an element 

k 

U = ^ ] U ai ,,, ak e 1 k = ^ ] Ua 1 ...a k e 1 ■ ■ ■ 6 k . 
ai<--<aj; ai<--<afc 

We have 



A 1 1 

for U from (3). 



U= ^u ai ... ak e a ' ...e ak = yu ai ... ak e a ' A ... Ae" k . 
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2 A Hermitian conjugation operation 

Using the projection operation onto the one- dimensional subspace C£o(p,q), we get 
a trace of an element U G C£(p, q) 

Tr : a(p, q) -> C, 

where 

Tr(we + u a e a + ...)= u. 
This operation has the following properties: 

Tr(UV) = Tr(VU), Tr([C7, V}) = 0. 

Now we introduce the structure of unitary (Euclidian) space on Clifford algebra 
PP. Let f : (X ¥ (p,q) — > (X ¥ (p,q) be a linear Hermitian conjugation operation of the 
Clifford algebra elements. Following rules define a Hermitian conjugation operation 
of Clifford algebra elements: 

( e ii...i*)t = e . fc ... e . u anc i A f = A, VA G C, 
(U + Vy = + ?7 f VC7, V G & ¥ (p, q), 

where e a = ^e 6 . We say that f : (X ¥ (p, q) — > Ci ¥ (p,q) is the operation of 
Hermitian conjugation of Clifford algebra elements. It is easy to see that 

(tfy)t = l/t[/t ; [/ft = ^. 

Now we can define a Hermitian (Euclidian) scalar product of Clifford algebra ele- 
ments by the formula 

(u,v) = Tiiy^u). 

In this case we have 

(e h - ik , e h - ik ) = Tr(e ik . . . e h e h . . . e ik ) = Tr(e) = 1, 
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(no summation w.r.t. . . , ik)- Basis §B) of Ci v (p,q) is orthonormal with respect 
to this scalar product and property (7) is valid 

n 

(^ f/ ) = E E K..^i a >°- ( 4 ) 

fc=0 ai<...<a fe 

For generators e a formula (6) gives 

( e a )t = e a for a = l,...,p; (5) 
(e a ) f = -e a for a — p + l,...,n. 

3 Pseudounitary groups of 
Clifford algebras 

Let r, s be nonnegative integers, r + s > 0. Consider a Lie group of pseudounitary 
matrices and a Lie group of special pseudounitary matrices: 

U(r,s) = {U G Mat(n,C) : U ] f3U = p}, 
SU(r,s) = {Z7 G U(r, s) : det U = 1}, 

where n = r + s and /3 = diag(l, . . . , 1, —1, . . . , —1) is a diagonal matrix with r 
pieces of 1 and s pieces of —1 on the diagonal. 

Now let us consider the four sets of Clifford algebra elements: 

W(a(p,q)) = {U ea(p,q):U*U = e}, 

8W(Ct(p,q)) = {U G W(Ci(p, q)) : Det U = 1}, 

w(a(p,q)) = {U ea(p,q):U* = -U}, 

sw{a{p,q)) = {U G w(d(p, q)) :TrU — 0}. 

Note that the sets W(CE(p, q)) and SW(C^(p, q)) are closed with respect to the Clifford 
product and the sets w(C£(p,q)) and sw(Ci(p, q)) are closed with respect to the 
commutator. The sets W(C£(p, q)) and SW(G?(p, q)) can be considered as Lie groups 
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and the sets w(Ci(p, q)) and sw(C£(p, q)) can be considered as Lie algebras of the Lie 
groups W{Cl{p, q)) and SW(G?(p, q)). 

The group W(Ci(p,q)) is called t/ie pseudounitary group of Clifford algebra 
(X(p, q). The group SW(Ci(p, q)) is called the special pseudounitary group of Clifford 
algebra. 

4 Symplectic Lie groups and their Lie algebras 

Let us consider a real symplectic Lie group of n x n-matrices, n = 2m and let us 
consider the real Lie algebra of this group 

Sp(n, R) = {£7 G Mat(n, R) : £7 T J{7 = J}, 
sp(n, R) = {u6 Mat(n, R) : u T J = -Ju}, 

where U T is a transpose matrix, J is the matrix 




and J m is an identity m x m- matrix. Note that J 2 = —1 (1 is the identity 4x4 
matrix). Mostafazadeh [4] shows that the symplectic group sp(2n, R) is a subgroup 
of the pseudounitary group U(n, n). 

5 A symplectic group of Clifford algebra 

Now define the two sets of Clifford algebra elements 

Sp(<2(l,3)) = {Fe0.3)©«l(l-3):ry = e}, 
sp(C?(l,3)) = {ve<(l,3)©ff*(l,3)}. 

We have Sp(G?(l,3)) C W(G?(1,3)). Suppose that this set is closed with respect 
to the product; then Sp(G?(l,3)) can be considered as a group (the Lie group) 
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with respect to the product. This group is called the symplectic group of Clifford 
algebra Ci(l, 3). The relation of this group with the matrix symplectic group will be 
explained in Theorem [TJ 

In pQ we see that the set sp(C^(l,3)) C w(G?(l,3)) is closed with respect to the 
commutator [u, v] — uv — vu. So sp(G?(l, 3)) is a Lie algebra with respect to the 
commutator. 

Theorem 1 . The group Sp(C£(l,3)) is isomorphic to the group Sp(4, R) and the 
Lie algebra sp(G?(l,3)) is isomorphic to the Lie algebra sp(4,R): 

Sp(C2(l,3)) ~ Sp(4,R), (6) 
sp(G£(l,3)) ~ sp(4,R). 

Proof. It is well known j3] that the complex Clifford algebra G?(l,3) is isomorphic 
to the algebra of complex matrices Mat(4,C). Let e a , a = 0,1,2,3 be generators 
and e be the identity element of Clifford algebra 0^(1,3). Consider the matrix 
representation 7 of Clifford algebra elements 

7 : $(1,3) -> Mat(4,C), 

such that 



7 (A + B) = 7 (A) + 7 (B), 
7 (AA) = A 7 (A), 
7 (AB) = 7(^)7(B), 
7(e) = 1, 

where A, B are arbitrary elements of Ci(l, 3); A is a complex number; 1 is the identity 
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4 x 4-matrix and generators of Clifford algebra represented by the following matrices: 
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We say that the matrix representation 7 is a modified Majorana 's representation. 
Let us remind that the representation 7 defines the isomorphism of C£(l,3) and 
Mat(4,C). 

Generators e a of Clifford algebra satisfy the following formulas 



e a e b + e b e a 



2n ab e, a,& = 0,l,2,3. 
So the matrices j a = 7(e a ), a = 0, 1, 2, 3 satisfy the conditions 

7V + 7V = 2r/ a& l, a, 6 = 0,1, 2, 3. 
Note that the sixteen matrices 

1 _,a -,a.,6.,c _ ,0.1. ,2.3 „ ^ l ^ 

1,7,77)777,7777. a < < . . . 

are linearly independent and form the basis of the matrix algebra Mat (4, C). 
Note also that the matrices 7" satisfy to the conditions 



(7' 



7 



(7 



fcxf 



-7 



= 1,2,3. 



Therefore the representation 7 is consistent with the Hermitian conjugation opera- 
tion 

7 (A)t = 7 (At), 

where 7(A) t is the Hermition conjugated matrix, and A} = e°A*e° is the Hermitian 
conjugated element of Clifford algebra G?(l,3). 
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Denote by 7 1 the inverse map 

7- 1 : Mat(4,C) -> £2(1,3). 
Matrices ij a are real, therefore the maps 7, 7 _1 give the isomorphism 

^ ven (l,3)e^ dd (l,3)~Mat(4,R). 
Our the representation 7 is such that 

where the matrix J is used in the definition of the group of symplectic matrices. 
For any A e 3) we have 

A^ = e A*e ,arA* = e°A^e . 

Therefore for any element A e G?^ en (l, 3) © zC£* dd (l, 3) we have 

7 (A*) = 7(e°)7(^)7(e°) = - J 7 (^) T ^ 

Consider the definition of group Sp(C?(l,3)). The condition A*A = e leads to the 
relation 

7(^)7^)= 7(e). 
Using this relation and conditions 

7 (A') = - J 7 (A) T J, J 2 = -l 

we get 

7 (A) T J 7 (A) = J- 

From the definition of the group Sp(4, R) it follows that the group Sp(C?(l,3)) is 
isomorphic to the group Sp(4, R) 

Sp((2(l,3)) ~ Sp(4,R). 
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Let us remind the definition of Lie algebra w(£3?(l,3)) of the pseudounitary group 
W(«(l,3)) 

w(0?(l,3)) = {w G (2(1,3) : = -w}. 
This definition is equivalent to the following: 

w((X(l, 3)) = {w G 3) © 3) © 0^(1, 3) © C§(1, 3) © ^(1, 3)}. 

Note that the definition of Lie algebra sp(d(l, 3)) can be written in the form 

sp(C?(l, 3)) = {w G w(flf(l, 3)) : w G C&Jl. 3) © z^ dd (l, 3)}. 

Hence, sp((X(l,3)) is the intersection of following sets: 

{iCgJ(l, 3) © (1, 3) © 0^(1, 3) © 3) © iCg?(l, 3)} 
n{^f vcn (l,3)©z^ dd (l,3)}. 

Any element of the Lie algebra u> G 0?^ en (l,3) © iC2„ dd (l,3) represents as a real 
matrix. Therefore using the matrix representation 7 for the expression w* = —w we 
get the relations 

— J^{w) T J = —^{w), or 'y(w) T J = — J r y(w). 

It is clear that the last expression defines the Lie algebra sp(4,K). Hence the Lie 
algebra sp(£X(l, 3)) is isomorphic to the Lie algebra sp(4, R). This completes the 
proof. 
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